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onsequen
e of the fa
t that A/Iω is a left ideal is that we have arepresentation of A on this spa
e and its 
ompletion from the left.De�nition 4.11. Let A be a unital C∗-algebra and H a Hilbert spa
e. Ahomomorphism of unital ∗-algebras A→ BL(H,H) is 
alled a representationof A. A representation that is inje
tive is 
alled faithful. A representationthat is surje
tive is 
alled full.Proposition 4.12. Let A,B be unital C∗-algebras and φ : A → B a homo-morphism of unital ∗-algebras.1. ‖φ(a)‖ ≤ ‖a‖ for all a ∈ A. In parti
ular, φ is 
ontinuous.2. If φ is inje
tive then it is isometri
.Proof. Exer
ise.Theorem 4.13. Let A be a unital C∗-algebra and ω a state on A. Then,there is a natural representation πω : A→ BL(Hω,Hω). Moreover,
‖πω(a)‖2 ≥

ω(a∗a)

ω(e)
∀a ∈ A,and ‖πω‖ = 1.Proof. De�ne the linear maps π̃ω(a) : A/Iω → A/Iω by left multipli
ation,i.e., π̃ω(a) : [b] 7→ [ab]. That π̃ω(a) is well de�ned follows from Proposition 4.9(Iω is a left ideal). By de�nition we have then π̃ω(ab) = π̃ω(a) ◦ π̃ω(b) and

π̃ω(e) = idA/Iω
. Furthermore, ‖π̃ω(a)‖ ≤ ‖a‖ due to Proposition 4.8.3 andhen
e π̃ω(a) is 
ontinuous. So we have a homomorphism of unital algebras

π̃ω : A→ BL(A/Iω, A/Iω). Also, π̃ω preserves the ∗-stru
ture be
ause,
〈π̃ω(a∗)[b], [c]〉ω = [a∗b, c]ω = ω(c∗a∗b) = [b, ac]ω = 〈[b], π̃ω(a)[c]〉ω .Sin
e π̃ω(a) is 
ontinuous it extends to a 
ontinuous operator πω(a) : Hω →

Hω on the 
ompletion Hω of A/Iω, with the same properties. In parti
ular,
πω is a homomorphism of unital ∗-algebras.Due to the bound ‖π̃ω(a)‖ ≤ ‖a‖ and hen
e ‖πω(a)‖ ≤ ‖a‖ (or dueto Proposition 4.12.1) we �nd ‖πω‖ ≤ 1. Observe also that ω(e) 6= 0(sin
e otherwise ω = 0 by Proposition 4.8.2 or 4.8.3) and hen
e ‖πω(a)‖2 ≥
[ae, ae]ω/[e, e]ω = ω(a∗a)/ω(e). In parti
ular, ‖πω‖ ≥ ‖πω(e)‖ ≥ 1. Thus,
‖πω‖ = 1.The 
onstru
tion leading to the Hilbert spa
esHω and this representationis 
alled the GNS-
onstru
tion (Gelfand-Naimark-Segal).De�nition 4.14. Let A be a unital C∗-algebra, H a Hilbert spa
e and
φ : A → BL(H,H) a representation. A ve
tor ψ ∈ H is 
alled a 
y
li
ve
tor i� {φ(a)ψ : a ∈ A} is dense in H. The representation is then 
alled a
y
li
 representation.



2 FA NOTES � 4/12/2008Proposition 4.15. Let A be a unital C∗-algebra and ω a state on A. Then,there is a 
y
li
 ve
tor ψ ∈ Hω with the property ω(a) = 〈πω(a)ψ,ψ〉ω forall a ∈ A.Proof. Exer
ise.A de�
ien
y of the representation of Theorem 4.13 is that it is neitherfaithful nor full in general. La
k of faithfulness 
an be remedied. The ideais that we take the dire
t sum of the representations πω for all normalizedstates ω.Proposition 4.16. Let {Hα}α∈I be a family of Hilbert spa
es. Consider
olle
tions ψ of elements ψα ∈ Hα with α ∈ I su
h that ∑
α∈J ‖ψα‖

2 < ∞for all �nite subsets J ⊆ I. Then, the set H of su
h 
olle
tions ψ is naturallya Hilbert spa
e and we have isometri
 embeddings Hα → H for all α ∈ I.Proof. Exer
ise.De�nition 4.17. The Hilbert spa
e H 
onstru
ted in the pre
eding Propo-sition is 
alled the dire
t sum of the Hilbert spa
es Hα and is denoted⊕
α∈I Hα.Proposition 4.18. Let A be a unital C∗-algebra, {Hα}α∈I a family ofHilbert spa
es and φα : A → BL(Hα,Hα) a representation for ea
h α ∈ I.Then, there exists a representation φ : A → BL(H,H) su
h that ‖φ(a)‖ =

supα∈I ‖φα(a)‖ for all a ∈ A, where H :=
⊕

α∈I Hα.Proof. Exer
ise.At this point we need a few more fa
ts about states.Proposition 4.19. Let A be a unital C∗-algebra and ω : A → C linear.Then, ω is a state i� ω is 
ontinuous and ‖ω‖ = ω(e).Proof. Exer
ise.Proposition 4.20. Let A be a unital C∗-algebra. Then, for ea
h a ∈ Apositive there exists a normalized state ω su
h that ω(a) = ‖a‖.Proof. Exer
ise.We are now ready to put everything together.Theorem 4.21 (Gelfand-Naimark). Let A be a unital C∗-algebra. Then,there exists a Hilbert spa
e H and a faithful representation π : A→ BL(H,H).Proof. Exer
ise.This result 
on
ludes our 
hara
terization of the stru
ture of C∗-algebras:Ea
h C∗-algebra arises as a C∗-subalgebra of the algebra of bounded opera-tors on some Hilbert spa
e.


